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Abstra t. Formal Con ept Analysis is an unsupervised learning te hnique for on eptual lustering. We introdu e the notion of i eberg onept latti es and show their use in Knowledge Dis overy in Databases
(KDD). I eberg latti es are designed for analyzing very large databases.
In parti ular they serve as a ondensed representation of frequent patterns as known from asso iation rule mining.
In order to show the interplay between Formal Con ept Analysis and
asso iation rule mining, we dis uss the algorithm Titani . We show that
i eberg on ept latti es are a starting point for omputing ondensed sets
of asso iation rules without loss of information, and are a visualization
method for the resulting rules.

1 Introdu tion
Knowledge dis overy in databases (KDD) is de ned as the non-trivial extra tion
of valid, impli it, potentially useful and ultimately understandable information
in large databases [17℄. For several years, a wide range of appli ations in various
domains have bene ted from KDD te hniques and many work has been ondu ted on this topi . The problem of mining frequent patterns arose rst as a
sub-problem of mining asso iation rules [1℄, but it then turned out to be present
in a variety of problems [18℄: mining sequential patterns [3℄, episodes [26℄, asso iation rules [2℄, orrelations [10, 37℄, multi-dimensional patterns [21, 22℄, maximal
patterns [8, 53, 23℄, losed patterns [47, 31{33℄. Sin e the omplexity of this problem is exponential in the size of the binary database input relation and sin e this
relation has to be s anned several times during the pro ess, eÆ ient algorithms
for mining frequent patterns are required.
The task of mining frequent patterns an be des ribed as follows: Given a set
G of obje ts, a set M of attributes (or items), a binary relation I  G  M (where
(g; m) 2 I is read as \obje t g has attribute m"), and a threshold minsupp 2
[0; 1℄, determine all subsets X of M (also alled patterns here) where the support
X ) (with X := fg 2 G j 8m 2 X : (g; m) 2 I g) is above the
supp(X ) := ard(
ard(G)
threshold minsupp.
The set of these frequent patterns itself is usually not onsidered as a nal
result of the mining pro ess, but rather an intermediate step. Its most prominent
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use are ertainly asso iation rules. The task of mining asso iation rules is to determine all pairs X ! Y of subsets of M su h that supp(X ! Y ) := supp(X [Y )
X Y)
is above the threshold minsupp, and the on den e onf(X ! Y ) := supp(
supp(X )
is above a given threshold min onf 2 [0; 1℄. Asso iation rules are for instan e used
in warehouse basket analysis, where the warehouse management is interested in
learning about produ ts frequently bought together.
Sin e determining the frequent patterns is the omputationally most expensive part, most resear h has fo used on this aspe t. Most algorithms follow the
way of the well-known Apriori algorithm [2℄. It is traversing iteratively the set
of all patterns in a levelwise manner. During ea h iteration one level is onsidered: a subset of andidate patterns is reated by joining the frequent patterns
dis overed during the previous iteration, the supports of all andidate patterns
are ounted, and the infrequent ones are dis arded. A variety of modi ations
of this algorithm arose [11, 29, 34, 48℄ in order to improve di erent eÆ ien y aspe ts. However, all of these algorithms have to determine the supports of all
frequent patterns and of some infrequent ones in the database.
Other algorithms are based on the extra tion of maximal frequent patterns,
from whi h all supersets are infrequent and all subsets are frequent. They ombine a levelwise bottom-up traversal with a top-down traversal in order to qui kly
nd the maximal frequent patterns. Then, all frequent patterns are derived from
these ones and one last database s an is arried on to ount their support. The
most prominent algorithm using this approa h is Max-Miner [8℄. Experimental results have shown that this approa h is parti ularly eÆ ient for extra ting
maximal frequent patterns, but when applied to extra ting all frequent patterns,
performan es drasti ally de rease be ause of the ost of the last s an whi h requires roughly an in lusion test between ea h frequent pattern and ea h obje t
of the database. As for the rst approa h, algorithms based on this approa h
have to extra t the supports of all frequent patterns from the database.
While all te hniques mentioned so far ount the support of all frequent patterns, this is by no means ne essary. In the next se tion, we will show that the
knowledge of some supports is suÆ ient for deriving all other supports. This
way, we are able to de rease omputation time. An additional result is the visualization of representative frequent patterns in i eberg on ept latti es, whi h
is dis ussed in Se tion 3. In Se tion 4, we sket h the prin iple of one of the algorithms, alled
. Last but not least, i eberg on ept latti es allow to
drasti ally redu e the number of rules that are to be presented to the user, without any information loss. This is the topi of Se tion 5. The paper summarizes
joint work with Lot Lakhal, Yves Bastide, Ni olas Pasquier, and Ra k Taouil
as presented in [5, 6, 42, 43℄.
[
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2 Mining Frequent Patterns with Formal Con ept
Analysis
Consider two patterns X and Y su h that both des ribe exa tly the same set of
obje ts, i. e., X = Y . So if we know the support of one of them, we do not need
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to ount the support of the other one in the database. In fa t, we an introdu e
an equivalen e relation  on the powerset P(M ) of M by XY () X = Y .
If we knew the relation from the beginning, it would be suÆ ient to ount the
support of one pattern of ea h lass only | all other supports an then be
derived.
Of ourse one does not know  in advan e, but one an determine it along
the omputation. It turns out that one usually has to ount the support of more
than one pattern of ea h lass, but normally not of all of them. The per entage
of patterns to be onsidered depends on how orrelated the data are: The more
orrelated the data are, the fewer ounts have to be performed.
This observation was independently made by three resear h groups around
1997/98, inspired by the theory of Formal Con ept Analysis: L. Lakhal and his
database group in Clermont{Ferrand, M. Zaki in Troy, NY, and the author in
Darmstadt. The rst algorithm based on this idea was Close [31℄, followed by
A-Close [32℄, ChARM [55℄,
[6℄, Closet [33℄, and
[41, 42℄, ea h
having its own way to exploit the equivalen e relation whi h is hidden in the
data. In Se tion 4, we will sket h the
algorithm as an example.
All these algorithms make use of the theory of Formal Con ept Analysis
(FCA). Introdu ed in the early 1980ies as a formalization of the on ept of
` on ept' [51℄, FCA has over the years grown to a powerful theory for data
analysis, information retrieval, and knowledge dis overy [45℄. In Arti ial Intelligen e (AI), FCA is used as a knowledge representation me hanism [46℄ and as
on eptual lustering method [38, 12, 27℄. In database theory, FCA has been extensively used for lass hierar hy design and management [28, 52, 14, 50, 36, 16℄.
Its usefulness for the analysis of data stored in relational databases has been
demonstrated with the ommer ially used management system TOSCANA for
Con eptual Information Systems [49℄.
FCA has been applied in a wide range of domains, in luding medi ine, psyhology, so ial s ien es, linguisti s, information s ien es, ma hine and ivil engineering et . ( f. [45℄). Over all, FCA has been used in more than 200 proje ts,
both on the s ienti and the ommer ial level. For instan e, FCA has been applied for analyzing data of hildren with diabetes [35℄, for developing qualitative
theories in musi estheti s [25℄, for managing emails [13℄, for database marketing
[19℄, and for an IT se urity management system [9℄.
FCA formalizes a on ept of ` on ept' as established in the international
standard ISO 704: a on ept is onsidered as a unit of thought onstituted of
two parts: its extension and its intension [51, 15℄. This understanding of ` on ept'
is rst mentioned expli itly in the Logi of Port Royal [4℄. To allow a formal
des ription of extensions and intensions, FCA starts with the same type of data
as asso iation rule mining: a (formal) ontext K := (G; M; I ) onsists of a set
G of obje ts [German: Gegenst
ande℄, a set M of attributes [Merkmale℄, and a
binary relation I  G  M . As above, we de ne, for A  G,
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and for B  M , we de ne dually
B0

:= fg 2 G j 8m 2 B : (g; m) 2 I g :

Now, a formal on ept is a pair (A; B ) with A  G, B  M , A = B
and B = A. A is alled extent and B is alled intent of the on ept. The
set B(K ) of all on epts of a formal ontext K together with the partial order
(A1 ; B1 )  (A2 ; B2 ) :, A1  A2 (whi h is equivalent to B1  B2 ) is alled
on ept latti e of K .
It turns out that ea h on ept intent (here also alled losed pattern ) is
exa tly the largest pattern of the equivalen e lass of  it belongs to. For any
pattern X  M , the on ept intent of its equivalen e lass is the set X . The
on ept intents an hen e be onsidered as `normal forms' of the (frequent)
patterns. In parti ular, the on ept latti e ontains all information to derive the
support of all (frequent) patterns.
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3 I eberg Con ept Latti es
While it is not really informative to study the set of all frequent patterns, the situation hanges when we onsider the losed patterns among them only. The onepts they belong to are alled frequent on epts, and the set of all frequent onepts is alled i eberg on ept latti e of the ontext K for the threshold minsupp.
We illustrate this by a small example. Figure 1 shows the i eberg on ept latti e of the
database from the UCI KDD Ar hive [7℄ for a minimum
support of 85 %.
The
database onsists of 8,416 obje ts (mushrooms) and 22
(nominally valued) attributes. We obtain a formal ontext by reating one (Boolean) attribute for ea h of the 80 possible values of the 22 database attributes.
The resulting formal ontext has thus 8,416 obje ts and 80 attributes. For a
minimum support of 85 %, this dataset has 16 frequent patterns, namely all 24
possible ombinations of the attributes `veil type: partial', `veil olor: white', `gill
atta hment: free', and `ring number: one'. Only seven of them are losed. The
seven frequent on epts are shown in Figure 1.
In the diagram, ea h node stands for formal on ept. The intent of ea h
on ept (i. e., ea h frequent losed pattern) onsists of the attributes labeled at
or above the on ept. The number shows its support. One an learly see that all
mushrooms in the database have the attribute `veil type: partial'. Furthermore
the diagram tells us that the three next-frequent attributes are: `veil olor: white'
(with 97.62 % support), `gill atta hment: free' (97.43 %), and `ring number: one'
(92.30 %). There is no other attribute having a support higher than 85 %. But
even the ombination of all these four on epts is frequent (with respe t to our
threshold of 85 %): 89.92 % of all mushrooms in our database have one ring, a
white partial veil, and free gills. This on ept with a quite omplex des ription
ontains more obje ts than the on ept des ribed by the fth-most attribute,
whi h has a support below our threshold of 85 %, sin e it is not displayed in the
diagram.

Mushroom
Mushroom

veil type: partial
100 %

gill attachment: free

ring number: one

veil color: white

92.30 %

97.62 %
97.43 %

90.02 %

97.34 %

89.92 %

Fig. 1.

I eberg on ept latti e of the mushroom database with minsupp = 85 %

In the diagram, we an dete t the impli ation

fring number: one, veil

olor: whiteg) fgill atta hment: freeg .

It is indi ated by the fa t that there is no on ept having `ring number: one'
and `veil olor: white' (and `veil type: partial') in its intent, but not `gill atta hment: free'. This impli ation has a support of 89.92 % and is globally valid in
the database (i. e., it has a on den e of 100 %).
If we want to see more details, we have to de rease the minimum support.
Figure 2 shows the
i eberg on ept latti e for a minimum support
of 70 %. Its 12 on epts represent all information about the 32 frequent patterns
for this threshold. One observes that, of ourse, its top-most part is just the
i eberg latti e for minsupp = 85 %. Additionally, we obtain ve new on epts,
having the possible ombinations of the next-frequent attribute `gill spa ing:
lose' (having support 81.08 %) with the previous four attributes. The fa t that
the ombination fveil type: partial, gill atta hment: free, gill spa ing: loseg is
not realized as a on ept intent indi ates another impli ation:

Mushroom

fgill atta hment: free, gill spa ing:

loseg ) fveil olor: whiteg

(*)

This impli ation has 78.52 % support (the support of the most general onept having all three attributes in its intent) and | being an impli ation |
100 % on den e.
By further de reasing the minimum support, we dis over more and more
details. Figure 3 shows the
i eberg on ept latti e for a minimum
support of 55 %. It shows four more partial opies of the 85 % i eberg latti e,
and three new, single on epts.
The Mushrooms example shows that i eberg on ept latti es are suitable espe ially for strongly orrelated data. In Table 1, the size of the i eberg on ept
latti e (i. e., the number of all frequent losed patterns) is ompared with the
number of all frequent patterns. It shows for instan e, that, for the minimum

Mushrooms

veil type: partial

gill attachment: free

ring number: one
100 %

veil color: white

92.30 %

97.43 %

gill spacing: close

97.62 %

81.08 %
90.02 %

97.34 %
76.81 %

78.80 %

89.92 %
78.52 %

74.52 %

Fig. 2.
Table 1.

example

I eberg on ept latti e of the mushroom database with minsupp = 70 %

Number of frequent losed itemsets and frequent itemsets for the Mushrooms
minsupp # frequent losed itemsets # frequent itemsets
85 %
7
16
70 %
12
32
32
116
55 %
0%
32.086
280

support of 55 %, only 32 frequent losed itemsets are needed to provide all information about the support of all 116 frequent itemsets one obtains for the same
threshold.

4 Computing the I eberg Con ept Latti e with Titani
For illustrating the prin iples underlying the algorithms for mining frequent
( losed) patterns using FCA, we sket h one representative alled
. For
a more detailed dis ussion of the algorithm, we refer to [42℄.
is ounting the support of so- alled key patterns (and of some andidates for key patterns) only: A key pattern (or minimal generator ) is every
minimal pattern in an equivalen e lass of .
makes use of the fa t
that the set of all key patterns has the same property as the set of all frequent
patterns: it is an order ideal in the powerset of M . This means that ea h subset
of a key pattern is a key pattern, and no superset of a non-key pattern is a key
pattern. Thus we an reuse the pruning approa h of Apriori for omputing the
supports of all frequent key patterns. On e we have omputed them, we have
omputed the support of at least one pattern in ea h equivalen e lass of ,
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veil type: partial

gill attachment: free

ring number: one
100 %

veil color: white

gill size: broad
69.87 %

92.30 %

97.43 %

gill spacing: close

97.62 %

81.08 %
62.17 %

67.59 %

90.02 %

97.34 %
76.81 %

67.30 %

78.80 %

stalk color above ring: white

89.92 %

56.37 %
59.89 %

78.52 %

stalk color below ring: white
55.13 %

74.52 %

stalk shape: tapering
stalk surface above ring: smooth
63.17 %

stalk surface below ring: smooth
57.79 %

60.31 %

57.94 %

55.09 %

no bruises

60.88 %

58.03 %

59.89 %
55.66 %
55.70 %

57.32 %

57.51 %

57.22 %

Fig. 3.

I eberg on ept latti e of the mushroom database with minsupp = 55 %

and we know the relation  ompletely. Hen e we an dedu e the support of all
frequent patterns without a essing the database any more.
Figure 4 shows the prin iple of
. Its basi idea is as the original Apriori algorithm: At the ith iteration, we onsider only patterns with ardinality i
( alled i{patterns for short), starting with i = 1 (step 1). In step 2, the support
of all andidates is ounted. For i = 1, the andidates are all 1{patterns, later
they are all i{patterns whi h are potential key patterns.
On e we know the support of all i{ andidates, we have enough information
to ompute for all (i 1){key patterns their losure, i. e., the on ept intent of
their equivalen e lass. This is done in step 3, using the equation X = X [fx 2
M n X j supp(X ) = supp(X [ fxg).
In step 4, all patterns whi h are either not frequent or non-key are pruned.
For the latter we use a hara terization of key patterns saying that a pattern is
a key pattern i its support is di erent from the support of all its immediate
subsets. In strongly orrelated data, this additional ondition helps pruning a
signi ant number of patterns.

Titani

00

1

i ¬1
Ci ¬ {patterns with cardinality 1}

à la Apriori

Determine support for all C Î Ci

count in database

Determine closure for all C Î Ci - 1

X‘‘ = X È { xÎ M \ X | supp(X) = supp(X È {x}) }

Prune non-key patterns fromCi

iff supp < minsupp or
$ x ÎX: supp(X) = supp(X \ {x})

i¬i+1
Ci ¬ Generate_Candidates(Ci - 1 )

à la Apriori

2

3

4

5

no

Ci empty?

At the end, all supports are known:
• by count for the candidates
• by calculation for all other patterns:
supp(X) = min { supp(K) | K Í X , K key pattern}

yes
End

Fig. 4.

The Titani algorithm

At the end of ea h iteration, the andidates for the next iteration are generated in step 5. The generation pro edure is basi ally the same as for Apriori:
An (i+1){pattern is a andidate i all its i{subpatterns are key patterns. As
long as new andidates are generated, the next iteration starts. Otherwise the
algorithm terminates.
It is important to note that | espe ially in strongly orrelated data |
the number of frequent key patterns is small ompared to the number of all
frequent patterns. Even more important, the ardinality of the largest frequent
key pattern is normally smaller than the one of the largest frequent pattern. This
means that the algorithm has to perform fewer iterations, and thus fewer s ans
of the database. This is espe ially important when the database is too large for
main memory, as ea h disk a ess signi antly in reases omputation time. A
theoreti al and experimental analysis of this behavior is given in [42℄, further
experimental results are provided in [6℄.

5 Bases of Asso iation Rules
One problem in mining asso iation rules is the large number of rules whi h are
usually returned. But in fa t not all rules are ne essary to present the infor-

gill attachment: free
veil type: partial
97.6%

97.4%

veil color: white
gill spacing: close

ring number: one

97.2%

97.5%
99.9%

99.9%

99.7%

99.6%
97.0%

Fig. 5.

Visualization of the Luxenburger basis for minsupp = 70 % and min onf= 95 %

mation. Similar to the representation of all frequent patterns by the frequent
losed patterns, one an represent all valid asso iation rules by ertain subsets,
so- alled bases. In [5℄, [56℄, and [43℄, di erent bases for asso iation rules are introdu ed. The omputation of the bases does not require all frequent patterns,
but only the losed ones.
Here we will only show by an example (taken from [43℄), how these bases
look like. We have already dis ussed how impli ations (i. e., asso iation rules
with 100 % on den e) an be read from the line diagram. The Luxenburger
basis for approximate asso iation rules (i. e., asso iation rules with less than
100 % on den e) an also be visualized dire tly in the line diagram of an i eberg on ept latti e. It makes use of results of [24℄ and ontains only those rules
B1 ! B2 where B1 and B2 are frequent on ept intents and where the on ept
(B1 ; B1 ) is an immediate sub on ept of (B2 ; B2 ). Hen e there orresponds to
ea h approximate rule in the Luxenburger base exa tly one edge in the line diagram. Figure 5 visualizes all rules in the Luxenburger basis for minsupp = 70 %
and min onf = 95 %. For instan e, the rightmost arrow stands for the asso iation rule fveil olor: white, gill spa ing: loseg ! fgill atta hment: freeg, whi h
holds with a on den e of 99.6 %. Its support is the support of the on ept the
arrow is pointing to: 78.52 %, as shown in Figure 2. Edges without label indi ate
that the on den e of the rule is below the minimum on den e threshold. The
visualization te hnique is des ribed in more detail in [43℄. In omparison with
other visualization te hniques for asso iation rules (as for instan e implemented
in the IBM Intelligent Miner), the visualization of the Luxenburger basis within
the i eberg on ept latti e bene ts of the smaller number of rules to be repre0

0

sented (without loss of information!), and of the presen e of a `reading dire tion'
provided by the on ept hierar hy.

6 Con lusion
We have shown that results of Formal Con ept Analysis in rease on one hand
the performan e of data mining algorithms, and improve on the other hand
the visualization of the results. There remains still a huge potential for further
exploitation of FCA for data mining and knowledge dis overy.
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