VII.5  Formale Begriffsanalyse

© Institut AIFB, 2002.
Alle Rechte vorbehalten. Nachdruck oder photomechanische Wiedergabe nur mit Genehmigung des Verfassers.
Zuwiderhandlungen unterliegen den strafrechtlichen Bedingungen des Urheberrechtgesetzes.



VII.5 Formale Begriffsanalyse
e TRy /@iﬁ&éﬁ”ﬁ"w‘"

<150 DM sufficient coffee quali

Formale Begriffsanalyse ist um
1980 als mathematische Theorie

entstanden, die eine
Formalisierung des Begriffs vom e Sewn AT

,Begriff liefert. BE

FBA hat seitdem zunehmend [rooou]
Verbreitung in der Informatik s 205

gefunden, u.a. in e
Otto Hanseatic| Quelle Privileg . %
- der Datenanalyse, Cetadeic 01 5]

deficient handli lemet KM 582 Melitta 40001-85 deficient security

1 oad handlin Severin KA4050] __——| i
« der Wissensentdeckung, mi AN

» dem Software Engineering.

STIFTUNG WARENTEST  <AFFEEMASCHINEN MIT WARM:
test

HALTEKANNE (8 bis 10 Tassen)
KOMPASS sk Aot 295

Ausgehend von Datensatzen leitet Pres fr Tec
Mittlerer | satzkanne/ nische Hand-
1 1 1 Preis in | Glaseinsatz Kaffee- | Pril- Sicher- | ha-
F BA Beg rlffS h Ie ra rCh Ie n a b - DMca |in DM ca qualitat | fung heit bung Qualitatsurteil
Gewichtung 35% [30% [10% [25%
Al i Neckermann Best-Nr. 8628/409 40—~ [35-9/Q | baugl mit Otto Hanseatic Best-Nr. 4327357 | zufriedenst.
FBA ermog“Cht dle Erzeugung Otto Hanseatic Best-Nr 4327357 |40~ |30-%/Q |0 |+ |++ |0 zufriedenst.
1 1 el Quelle Privileg Best.-Nr. 7030720 40~ 24,50/ 17,50 | baugl. mit Otto Hanseatic Best.-Nr. 4327357 | zufriedenst.
un d d e VIS ua I ISieru ng d er Severin KA 9660 50,- 35,-/23,~ | baugl. mit Otto Hanseatic Best-Nr. 4327357 | zufriedenst.
1 H H Severin KA 4050 80~ 50,-/Q + + + 0 gut
BegrlffSh lera rCh ien. Tchibo Aroma Garant Art.-Nr. 48469 | 80,— 27,50/ 19,50 | + + + o gut
Ismet KM 582 starlight 84,- 47,- 114, + + ++ 0 gut

Vorlesung: Knowledge Discovery 2



VIL.5 Formale Begriffsanalyse

Formal Concept Analysis [Wille 1982]

FCA models concepts as units of thought, consisting of two parts:
* The extension consists of all objects belonging to the concept.

* The intension consists of all attributes common to all those
objects.

FCA is used for data analysis, information retrieval, and knowledge
discovery.

FCA can be understood as conceptual clustering method, which
clusters simultanously objects and their descriptions.

FCA can be used for efficiently computing association rules.

Vorlesung: Knowledge Discovery 3
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VII.5.2 Basics of Formal Concept Analysis

* In its basic version, FCA handles object-attribute pairs.

 Object-attribute-value triples can also be handled, but this is not
topic of this course.

« Def.: A (formal) context is a triple (G,M,/) where G and M are
sets and | is a binary relation between G and M.

*The elements of G are called objects, and the elements of M
are called attributes.

* (g,m)el is read ,object g has attribute m"“.

Entspricht Items/Transaktionen bei Assoziationsregeln

Vorlesung: Knowledge Discovery
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Def.: Ein formaler
Kontext ist ein Tripel
(G,M,I), wobei

* G eine Menge von
Gegenstanden,

* M eine Menge von
Merkmalen

* und / eine Relation
zwischen G und M ist.

* (g,m)el wird gelesen
als ,Gegenstand g hat
Merkmal m“.

Vorlesung: Knowledge Discovery
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>

Fur A < G definieren wir

A ={meM|VgeA: (g.m)el}

Fur B < M definieren wir dual

B:={geG|VmeB: (g,m)el}.
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Der blaue Begriff ist ein
Unterbegriff des
gelben Begriffs, denn

der blaue Umfang ist im
gelben Umfang
enthalten.

( < der gelbe Inhalt ist
im blauen Inhalt

enthalten.)

(A,B)<(C,D):>AcC
(>B2D)
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» Def.: The concept lattice [Begriffsverband] of a formal context (G,M,]) is
the set of all formal concepts of (G,M,/), together with the partial order

(A1.B1)<(AxBy )i = AjcA, (&B12B;) .
The concept lattice is denoted by 6(G,M,]) .

« Theorem: The concept lattice is a lattice, i.e. for two concepts (A4,B, ) and
(A,,B, ), there is always

a greatest common subconcept: (A,NA,, (B u B, )")

*and a least common superconcept: (A, VA, )", BinB, ).

Vorlesung: Knowledge Discovery
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,Welche Gegenstande
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,Welche Merkmale
teilen sich die
Gegenstande ,Kings
Canyon‘ und ,Death
Valley?“

,Welche
Gegenstande
haben noch diese
Merkmale?*
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VII.5.3 Formal Concept Analysis as Conceptual Clustering Method

» Conceptual Clustering methods are clustering methods which generate
simultaneously descriptions of the clusters.

*Advantages of conceptual clustering against clustering as in Sect. VII.1:

* A cluster is not only a set of objects, but there also exists an intensional
description.

» For FCA: The results do not depend on the order of the input

 Disadvantages:

» The language used to describe the clusters restricts the type of clusters
which can be built.

» The computation has usually higher complexity.

» Other methods: Michalski & Stepp 1983; Lebowitz 1987; Fisher 1987; Gennari et
al 1989

Vorlesung: Knowledge Discovery 15
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Iceberg concept lattices only allow conjunctions of attributes as
descriptions.

* In the notion of Formal Concept Analysis, the support of an itemset
X c M can be written as \X\
supp(X) =—-

pp(X) G

» Def.: The iceberg concept lattice of a formal context (G,M,/) for a
given minimal support minsupp is the set

{(A,B) € B(G,M,]) | supp(B) > minsupp}

* It can be computed with the algorithm TITANIC. [Stumme et al 2001]

Vorlesung: Knowledge Discovery 16
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VII.5.4 Computation of (Iceberg) Concept Lattices

» There exist a number of algorithms for computing concept lattices
* Next-Closure [Ganter 1984]
* Titanic [stumme et al 2001]
« and some incremental algorithms
» The following method is also suitable for manual computation. wile 1982]

* It provides the best worst-case time complexity. [Nourine, Raynoud 1999]

& Example ,Faces” on the Blackboard

Vorlesung: Knowledge Discovery 19
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How to compute/draw a concept lattice:

* From left to right, consider all intersections of each column extent with every
column extent to the left of it. If the resulting extent is not already a column,
add it as column at the right end of the context. Repeat this until the last
(added) column is reached.

» Add a full column, unless there is already one. (Now each column stands for
one concept.)

*Draw a circle for the full column.

*Draw for each column, starting for the ones with a maximal number of
crosses, a circle, and link it with a line to the circles where the column
comprises the current column.

*Attach every attribute label to the circle of the corresponding column.

Attach every object label to the circle laying exactly below the circles of the
attributes in its intent.

Vorlesung: Knowledge Discovery 20
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How to check the drawing of a concept lattice:

* Is it really a lattice? (This test is usually skipped.)

* Is every concept with exactly one upper neighbor labeled by at least one
attribute?

* Is every concept with exactly one lower neighbor labeled by at least one
object?

Is, forallg € G and all m € M, the label of object g below the label of
attribute m iff (g,m)el ?

Vorlesung: Knowledge Discovery 21



*Another method for reducing
the complexity of the diagram
is conceptual scaling.

* In our case (only Boolean
attributes), this means
selecting only subsets of the
attribute set.

 The resulting concept
lattices are smaller.

* [f combinations are of
interest, they can be put
together again.

*Conceptual scaling can be
comgined with Iceberg
concept lattices.

Beispiel: Baurecht in
Nordrhein-Westfalen
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« Some typical applications of FCA:
« analysis of children suffering from diabetes
* IT security management system
« database marketing in a Suiss department store
» Conceptual Email Management system
 developing qualitative theories in music estethics

« analysis of flight movements at Frankfurt airport

Vorlesung: Knowledge Discovery

26



| & list of referees: ICCS-2000 - ICCS2000 - Netscape-Ordner =10 =]
' Datei EBearbeiten Ansicht Gehe Machricht  Communicator  Hilfe
i X Ny L & . * 3 = 3 i
i Machr. abr. Meue Machr. Anbwart Antwart an alle  Weiterleiten Ablegen Machste Drucken Lozchen Stop
Mame | Llngelesenl Ihggesamt |<1|P El Betreff | $| Abzender | N & | Pricritat |4|P
. @ Dirafts ;' =1 final notification » Guy Mineau 25.05.2000 16:37 ;'
@ Templates = ICC52000 + Janos Sarbo 26.05.2000 15:20
! Sent 1651 =1 PRe Returmed mail Hostu.. »  Alex Borgida 26.05.2000 1740
g Trash 2 1639 =] statuz of all papers + Guy Mineau 29.05.2000 1&:50
F-C3 AIFB 94 =] ewxpensezcoveredtogot.. =+ Guy Mineau 29.05.2000 2022
EhEg AUSTRALLS, CE =1 Re Cofirmation I[CC52000  + GaliaAngelova 30.05.2000 0829
_-| caole.richard 26 =1 additional reviewer far ICC...  + Hamy Delugach 30.05.2000 £1:30
_-| eklund peter Q--——_____ 73 =1 list of referees: ICCS-2000 = Guy Mineau 30.05.2000 21:32
! _-| aroh.bernd T T i . =1 other referees: reminder o Guy Mineau 30.05.2000 21:59
_-| martin. philippe CE =1 list of referees: ICCS... % Peter Eklund 31.05.2000 11:... i
F-Z3 CALLFORPAPERS 17 = Additional reviewers o Ulrke Satter 3.05.2000 11:46
EhEg Conferences A =1 Re: List of Referees »  Pavel Kocura 3.05.2000 12:40
_-| ECAI02- W orkshop ! =1 Re ICCS 2000 »  [ebaorah L. McGuinness 31.05.2000 20:38
El-ﬂ ECHMLO1.. orkzhop 262 =1 Pleaze help with accomo.. =« Guy Mineau 31.05.2000 21:20 ;I
Eﬂ mailingaktil:ln I = |
Sef anbworken . =
o lesenswert o Betreff: list of referees: ICCS-2000
= ICCS2000 1 187 || Datum: Wed, 31 May 2000 110111 +0200 (MEZT)
-3 CAMER™EM.SUM b k| Von: Peter Eklund <Peter. Eklund@sophia.inria. fre ]
-3 CAMER™UR zzz . An: stumme@mathematik tu-darmstadt. de
Conferences/ICCS2000 777 CC: ganter@math. tu-dresden.de
e Referenzen: 1
VS. X
o Hi Bernhard/Gerd. .
AUSTRALIA/eklund.peter |7
~@ FosiionPapers 7 frer===2 19 1n konventionellen Email-Managern erfolgt
g Saftware Demos ErE . . .
~[Q Vomagende 777 richard Cole | Abspeicherung der Mails in Baumstruktur
F-Zg ICCS2007 333 LI Berrid Croh
= == [Machrichten insgesamt: 187  Ungelesene Machrichten: 1 — nur ein mog“cher Such pfad, der bereits bei
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. ( Concept Email Manager

File Lattice Yiew

Im CEM kann eine Email
mehreren Schlagworten

EEIIXK

zugeordnet werden.

A From Friends
= From Crganisation
From Griffith Lni
E From KWVO Members
Bl From Darmstact Graup
Fram Rudalf wille
Fram Jo Herath
B From Gerd Stumine
from Gerd
from stumme&@
From g.stumme@
From Darmstadt
= From Mailing List
Cia Mailing List
B To Hermes
To Hermes Elec
To Hermes Chat
To Hermes Joke
Text Hetriewal List
= Conferences
B ICCs
B I1CCs 00
ICCa Faper with Stumne
ICCS 99

165
1878
1431
337
308

10
238
£3a
206
12
4K
2617
dcy
2117
427
633
736
171
143
114

|

.

Blank | Mavigation | Yiew Email
From subject
Faper
lIhcs.cls
Gerd Stumme Papear
Gerd Stumme Re: [Fwid: Umschlagsents.

to: "rocole@gu eduad” <rocole@gu edu.aus
=stumme@mathematik.tu-darmstadt de:-
from: "Gerd Stumme” =g stumme@ogu.edu.a
Subject Paper

Hi Richard,

here’s the Tex-File of our paper.
11nes. cls, please hawe 2 look at tl
follow the links to the Springer &

See wou ak the Sushi place
Gerd
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Browsing basierend auf Formaler Begriffsanalyse

Eile Attributes Lattice

- Concept Email Manager

flol s e

JJ"% i+ C=»e«F [Keywords:”

H

= top
B Groups
B KW
B KVO Projects
0 TOSCANA
Mention TOSCTAMNA
B ECA
Warp9
HibKB
WebkB
B KW Members
B From Richard Cole
From Cole
From Bernd Groh
From Francois Modave
From Tom Tilley
From Fhilippe Martin
B DSTC
B From DSTC
B From GSTC
Barbagallo
From Melfyn
About DSTC
B Darmstadt
From Darmstadt
B Scale 1
B From Richard Cole

2108
a0z

Line Diagram | Local Diagram | WView Email

Mehrere Suchpfade sind

moglich:

* Darmstadt/KVO/KVO_Members
» KVO/Darmstadt/KVO_Members
* KVO/KVO_Members/Darmstadt

From Darmstadt
Darmstadt

408
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Browsing basierend auf Formaler Begriffsanalyse

Eile Attributes Lattice

Concept Email Manager

Llsls]

JJ"% i+ C=»e«F [Keywords:”

H

= top
B Groups
B KW
B KVO Projects
0 TOSCANA
Mention TOSCTAMNA
B ECA
Warp9
HibKB
WebkB
B KW Members
B From Richard Cole
From Cole
From Bernd Groh
From Francois Modave
From Tom Tilley
From Fhilippe Martin

Line Diagram | Local Diagram | WView Email

1786

From Darmstadt
Darmstadt

Mails aus Unterordnern sind
auch in den Oberordnern zu

finden.

From Darmstadt
B Scale 1
B From Richard Cole

406
2108
a0z

Mehrere Suchpfade sind

moglich:

* Darmstadt/KVO/KVO_Members
» KVO/Darmstadt/KVO_Members
* KVO/KVO_Members/Darmstadt
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- Concept Email Manager

File Attributes Lattice

H"% L H &=« =) [Kewords:“—[

= top 3338 ]| Line Diagram | Local Diagram | View Ermail
B Groups 1786
B EVO 1130
B KVO Projects dza
H TOSCANA a3
Mention TOSCAMNA g3
B ECA 44
WWarp3 13
HibKE G5
WehkB 277
B KV Members 734
B From Richard Cole 40z
From Cole 40z
From Bernd Groh 240
From Francois Modave G2
From Tom Tilley 1]
Fram Philippe Martin a5
B DsTC 44a
B From DSTC 04
B From DSTC a04
Barbagallo 47
From Melfyn 257
About DSTC 233
B Darmstadt 406
From Darmstadt 406
B Scale 1 2108
B From Richard Cole 402
From Cole 402
B EED 3
About EED 1
Mention EED d
Fram EED 0
B eklund 1272 ;l
B Zoom 0
Kx0
Ky

Verschiedene Sichten konnen
kombiniert werden.




VII.5 Formale Begriffsanalyse

VII.5.5 A reduced representation of association rules based on
Formal Concept Analysis

» The input data of association rules algorithms can be written as a
formal context (G,M,l): M is the set of items, G consists of the
transaction IDs, and the relation / is the list of transactions.

* We will distinguish between exact and approximate association
rules:

*Def.: An association rule X — Y (with XY c M) is called exact
if conf(X — Y )=1and approximate else.

An exact association rule is also called an implication.

Vorlesung: Knowledge Discovery 32



VII.5 Formale Begriffsanalyse

* In concept lattices, exact association rules can be directly read
from the diagram:

 Lemma: An implication X — Y holds iff the largest concept which
is below all concepts generated by the attributes in X'is below all
concepts generated by attributes in Y.

« Examples:
* {Swimming} — {Hiking}
(supp=10/19 ~ 52.6%, conf = 100%)

Vorlesung: Knowledge Discovery
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VII.5 Formale Begriffsanalyse

Bicycle Trail —_
) P NFS Guided Tours

‘Heimg Muir Woods
w7 Pinnacles

Fishing

,Welche Merkmale -
folgen noch aus Fort Poinr
,Swimming‘?* N

.
s b
L "y

Cabrillo ™. \
,Hiking, (NPS Guided
Tours)"

Channel

Islands

-

Cross Country Death Valley

Ski Trail \ )
Kings Canyon T Devils Postpile
Sequoia Boatin g . ‘ Redwood

& Golden Gate
f 3’ Point Rayes
Lassen Voleanic | .%1\
l * Santa Monica Mountains
Y osemite Whiskeytown-Shasta-Trinity
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VII.5 Formale Begriffsanalyse

* In concept lattices, exact association rules can be directly read
from the diagram:

 Lemma: An implication X — Y holds iff the largest concept which
is below all concepts generated by the attributes in X'is below all
concepts generated by attributes in Y.

« Examples:
* {Swimming} — {Hiking}
(supp=10/19 ~ 52.6%, conf = 100%)

« {Boating} — {Swimming, Hiking, NPS Guided Tours, Fishing}
(supp=4/19 = 21.0%, conf = 100%)

Vorlesung: Knowledge Discovery 35



VII.5 Formale Begriffsanalyse

Bicycle Trail —__

.i"P.’:T Gm’de'd Tours

Fishing Toho. H“H‘H!k” I Muir Woods
Muir -7 ¥~ Pinnacles
\ TN N Horseback Riding
,Welche Merkmale | > LavaBeds ™ _—
folgen noch aus Fort Point g Wimming
,Boating‘?" Joshuas Tree
.

,Swimming, Hiking, Cabrillo
NPS Guided Tours,
Fishing“ Channel ™

g Islands -~

Cross Country
Ski Trail

Kings Canyon
Sequoia

Lassen Volcanic

Y osemite
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VII.5 Formale Begriffsanalyse

* In concept lattices, exact association rules can be directly read
from the diagram:

 Lemma: An implication X — Y holds iff the largest concept which
is below all concepts generated by the attributes in X'is below all
concepts generated by attributes in Y.

« Examples:
* {Swimming} — {Hiking}
(supp=10/19 ~ 52.6%, conf = 100%)

« {Boating} — {Swimming, Hiking, NPS Guided Tours, Fishing}
(supp=4/19 = 21.0%, conf = 100%)

 {Bicycle Trail, NPS Guided Tours} — {Swimming, Hiking}
(supp=4/19 = 21.0%, conf = 100%)

Vorlesung: Knowledge Discovery 37



VII.5 Formale Begriffsanalyse

Bicycle Trail —._ .
s VPSS Guided Tours

Fishing el S JHKINE i Woods
k Muir\ " ¥ Pinnacles
. “‘n‘ Harseback Riding
,Welche Merkmale \ Lava Beds ™.
folgen noch aus Fort Point y L . Swimming
,Bicycle Trail° und Joshuas Tree
,NPS Guided Tours*?* pod

Cabrillo  ™._ N

»,owimming, Hiking,

Horseback Riding* Cross Country 2ath Valley
Ski Trail p
N -h-""'-._ _.-’-:.:w-._ ,-""'H.. . .
Kings Canyon o < Devils Postpile
Sequoia Boating g g Redwood
“ 4 " Golden Gate
b .
A Point Rayes
Lassen Volcanic “1\
e * Santa Monica Mountains
Y osemite Whiskeytown-Shasta-Trinity
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VII.5 Formale Begriffsanalyse

« Lemma: For A ¢ G and B c M, the following holds:

s AicA2 = A2c A s BicB=B>c B"
s ACA” s BcB”
e A=A e B =B

s AcB & BcA” & AxBcl

3] _|87]

= supp(B”)
G |G

From B = B"""follows  supp(B) =

Hence for computing association rules, it is sufficient to compute the
supports of all frequent sets with B = B™” (i.e., the intents [Inhalte] of

the iceberg concept lattice).

Vorlesung: Knowledge Discovery 39



VII.5 Formale Begriffsanalyse

gill attachment: free

veil type: partial

97.6%

07.4% veil color: white

ring number: one gill spacing: close

07.2%

Association Rules can be visualized in the line diagram:
 exact rules as described before
« approximate rules as above [1 Luxenburger basis

Vorlesung: Knowledge Discovery 40



VII.5 Formale Begriffsanalyse

Def.: The Luxenburger basis consists of all valid association
rules X — Y such that there are concepts (A1, B1) and (A2, B2) where
(A1, B1) is a direct upper neighbor of (Az, Bz), X=B1, and XU Y = Ba.

__—qill attachment: free

veil type: partial

97.6%

07.4% — _—— veil color: white

ring number: one gill spacing: close

supp =78.52 %

Each arrow indicates a rule of the basis, e.g. the rightmost arrow stands for
{veil type: partial, gill spacing: close, veil color: white} — {qill attachment: free}
(conf =99.6 %, supp = 78.52 %)

Vorlesung: Knowledge Discovery



VII.5 Formale Begriffsanalyse

__—yill attachment: free

veil type: partial

07.4% —
ring number: one ‘
<N\

07.2%
97.5% ' ‘
99.9% N\l

A

supp = 89.92 %

07.6% ) .
_——veil color: white

gill spacing: close

All other rules can be derived:

For instance {ring number: one} — {veil color: white}

has support 89.92 % (the support of the largest concept having both
attributes in its intent) and confidence 97.5 % % 99.9 % ~ 97.4 %.

Vorlesung: Knowledge Discovery 42



Name Number of objects|Average size of objects|Number of items

VII.5 Formale Begriffsanalyse TI014D100K 100,000 10 1,000
MusHROOMS 8,416 23 127

C20D10K 10,000 20 386

C73D10K 10,000 73 2,177

Some experimental results

Dataset Exact D.-G. Approximate Luxenburger
(Minsupp) rules  basis || Minconf | rules basis

90% 16,269 3.511

T1014D100K 0 0 T0% 20,419 4,004

(0.5%) 50% 21,686 4,191

30% 22,952 4,519

90% 12,911 563

MUSHROOMS T.476 69 T0% 37.671 D68

(30%) 50% 56,703 1,169

30% 71,412 1,260

90% 36,012 1.379

C20D10K 2,277 11 T0% 89.601 1.948

(50%) 50% 116,791 1.948

30% 116,791 1,948

95% 1,606,726 4,052

C73D10K 52,035 15 90% 2,053,896 4,089

(90%) 85% 2,053,936 4,089

80% 2,053,936 4,089

Vorlesung: Knowledge Discovery 43
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